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Joynes and Cummings: Ouantum and Semiclassical Radiation Theories 80

Comparison of Quantum and Semiclassical Radiation
Theories with Application to the Beam Maser®
E. T. JAYNESt axp F. W. CUMMINGS?

Summary—This paper has two purposes: 1) to clarify the rela-
tienship betwesn the guantum theory of radiation, where the slec-
tromagnetic feld-expansion coefficients satisfy commutation rela-
tlons, and the semiclassical theory, where the electromagnetic field
iz considered ms a definite function of time rather than as an oper-
ator; and 2) to apply some of the results in & study of amplitude and
frequency stability in a melecular beam maser.

In 1), it is shown that the semiclassical theory, when extended to
take into account both the effect of the field on the molecules and
the effect of the molecules on the field, reproduces almost quantita-
tively the same laws of energy exchange and coherence properties as

* Received September 28, 1962,
Washington University, 51, Louis, Mo,
hfﬁm‘nnutmnic. Division of Ford Motor Co., Newport Beach,

E.T. Jaynes ; FW. Cummings

a720 2 7578
Paper Patent Full
Citations Citations Text Views

the quantized field theory, even in the limit of one or a few quanta in
the flald mode. In particular, the semiclassical theory iz shown to
lead to a prediction of spontaneous emission, with the same decay
rate as given by quanium electrodynamics, described by the Einstein
A coefficients.

In 2), the semiclasgical theory is applied to the molecular beam
mager. Equilibrinm amplitude and frequency of oscillation are ob-
tained for an arbitrary velocity distribution of focused molecules,
generalizing the results obtained previously by Gordon, Zeiger, and
Townes for a gingel-velocity beam, and by Lamb and Helmer for
8 Marwellian beam. A somewhat surprising result is obtained; which
is that the measurable properties of the maser, such as starting
current, effective molecular Q, ete., depend mostly on the slowast
5 to 10 per cent of the molecules.

Fext we calculate the effect of amplitude and frequency of os-
cillation, of emall eystematic perturbations. We obtain & prediction

[1] Jaynes & Cummings, 1963.
https://doi.org/10.1109 / Proc.1963.1664
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1. Phys. B: Av Mol. Opt. Phys. 46 (2013) 220201 (2pp) doiz [0 1 088/0953-4075/46/22/220201

EDITORIAL

Fifty years of Jaynes—Cummings physics

Andrew D Greentree This special issue commemorales the S0th anniversary of the seminal paper published by
Applied Physics, School of E T Jaynes and F W Cummings [1], the fundamental model which they introduced and now
Applied Sciences, carries their names, and celebrates the remarkable host of exciting research on

RMIT University, Jaynes—Cummings physics throughout the last five decades.

Victoria 3001, Australia The Jaynes—Cummings model has been taking the prominent stance as the *hydrogen

atom of quantum optics’ [2]. Generally speaking, it provides a fundamental quantum

gefamm of Physics description of the simplest form of coherent radiation—matter interaction. The
and Astronomy, Jaynes—Cummings model describes the interaction between a single electromagnelic mode
Northwestern University, confined to a cavity, and a two-level atom. Energy is exchanged between the field and the
Evanston, L 60208, USA atom, which leads directly to coherent population oscillations {Rabi oscillations) and
superposition stales (dressed states). Being exactly solvable, the Jaynes—Cummings model
Jonas Larson ) serves as a most useful oy model, and as such it is a textbook example of the physicists’
Department ”-[ th‘f"m’ popular strategy of simplifying a complex problem o its most elementary constituents.
mﬂwm University, Thanks to the simplicity of the Jaynes—Cummings model, this caricature of coherent
ova University . } . . . . .
Center SE-10609]1 light—matter interactions has never lost its appeal. The Jaynes—Cummings model is essential
Sm.-:ﬂwm Sweden when discussing experiments in quantum electrodynamics (indeed the experimental

[1] Greentree, Koch & Larson, 2013.
https://doi.org/10.1088/0953-4075/46/22/220201
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Exact Solution for an N-Molecule-Radiation-Field
Hamiltonian
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The exact solution for a problem of ¥ identical two-level molecules interacting through a dipole coupling
with & single-mode quantized radiation field at resonance is given. Approximate expressions for the eigen-
vectors and eigenvalues for the ground and low-lying excited states, as well as the most highly excited
states, are developed and compared with the exact results,
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Three approximation schemes are discussed and compared with the exact solutions for a Hamiltenian

describing the interaction of a single-mode quantized radiation field and N two-level “molecules,’ each
resonant with the mode frequency. In particular, the approximation of treating the molecules as uncor-
related is found to be accurate when the system energy is several times larger than the cooperation number
of the molecular system,
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Cavity Quantum Electrodynamics — QED

Atomo confinac

O huma cavidade

Sistema composto por um atomo em repouso de dois niveis
no origem de coordenadas encerradas em uma cavidade
rdmbica de volume V com paredes perfeitamente refletoras.
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O modelo de Jaynes — Cummings
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O modelo Jaynes-Cummings descreve
a dinamica de um Uunico atomo
revestido de dois niveis em um unico
modo de laser monocromatico na
auséncia de processos de emissao
espontanea.
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hamiltoniano de interacao Jaynes-Cummings
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O Hamiltoniano do campo
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O Hamiltoniano de excitacao atomica
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O Hamiltoniano de interacao
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h é a constante de Planck reduzida
a' é o operador de criacao
a ¢ o operador de aniquilacao
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a' e o operador do campo

~ e o operador de polarizacao
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H=Hy,—d- E(t)

Esta quantificacao nos obriga a levar em
consideracao um modelo puramente quantico

E(t) = Eycoswt ~— R
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Expresse o operador para o momento dipolar
do 4tomo em termos de seus elementos de ma-
triz: (z|d|y) onde z e y podem assumir os
valores de |f) e |e), definemos Elef = (e|d|f),
entao é possivel escrever o operador dipolo da
seguinte formas:

d=d.sle) (f] +dos|f) (el

O Atomo nao tem um momento de dipolo
quando esta em seu proprio estado de energia,

entdo (e|d[e) = (f|d|f) =0
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O Atomo nao tem um momento de dipolo
quando esta em seu proprio estado de energia,

entdo (e|d[e) = (f|d|f) =0

Hin = hg(at6— +6ta)

Onde a constante g > 0, € R representa a intensidade do acoplamento.
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ji,n) = ) @ n) oule) ® n) com i = f,e;n =0,1,..

(Hatom + Heamp) = |f.n) = hnw| £, n) iny Q= fe

(-E'-T{lt.ﬂm _I_ ﬁmmp) = |E! ﬂ} = ﬁ(nwﬁ _I_ m) |E, ﬂ) n = 0, ]., 2, -




(a) Energy (b)
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Niveis de energia (a) na auséncia e (b) na presenca
do acoplamento atomo-campo.
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Neste subespaco, o hamiltoniano total assume a forma:
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(1)
U1 (el + le) (] @)

2 Neste subespac¢o, o hamiltoniano total assume a forma:

Hfint —

(1)

0= [,

5 nw — o0

Os autovalores e autovetores resultantes da diago
nalizacao de tal matriz 2 x 2 sao:

o 1
Ei:'”r —h (H&J — 5 + E ‘H[S_Zgl)]2 + (52)

Os correspondentes autovetores sao ¥4 ,,:

YUy ) =cosl|f,n)+sind, le,n —1)

Y_ ) = —sinf|f,n)+cosb, le,n —1)

E com: "
A vn

tan 20,, = 5




Mostra a forma dos niveis de ener-

n=2 gia do sistema de cavidade de atomo acoplado como

uma func¢ao da dessintonizacao 6. Em cada dupleto,

ha um cruzamento evitado em torno de § = (0. Na

ressonancia (6 = () a separagao de energia dos dois

niveis é \/ﬁﬁﬂgl) , € 0 parametro #,, tem o valor 7/4,

entao os estados proprios |+ ,,) tome a forma sim-
ples:

1

[ }1 [Y0(8 = 0)) = = (E1f.m) + fe.n — 1)

5 Parte inferior do diagrama de nivel de
energia para o sistema atomo-cavidade acoplado,
em fungao da dessintonizacao do modo de cavidade
a partir da ressonincia do atomo livre. As linhas
pontilhadas correspondem aos niveis de energia na
auséncia do termo de interacao H ind -
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Quantum collapse and revival
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O hamiltoniano de Jaynes-Cummings mostra que a coeréncia quantica entre os dois niveis atdbmicos
pode desaparecer completamente por longos periodos e reaparecer depois.




Oscilagao de Rabi no vacuo

As probabilidades de ocupacao dos niveis do
sistema JC oscilam com a frequéncia 2. Esse pro-
cesso ¢ chamado de oscilacoes de Rabi a vacuo. O
significado fisico ¢ que a emissao espontanea de um
foton pelo Atomo no interior de uma cavidade passa
a ser um processo reversivel, com comportamento
oscilatorio no tempo, que contrasta fortemente com
a emissao espontanea irreversivel no espaco livre,
com decadéncia exponencial no tempo.

Vacuum Rabi oscillations
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compreensao do modelo Jaynes-Cummings, O significado
fisico dos componentes ‘do hamiltoniano foi explicado, o
hamiltoniano foi derivado de afirmagdes gerais e os
autovalores e autovetores do espac¢o de Hibert que descreve

o sistema foram calculados. Usamos a ferramenta QuTiP &
para simulagdes de fenomenos fisicos para melhor :
compreender o modelo de Jaynes-Cummings.
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